We give solutions to Problems 2.21, 2.31 and 2.32, which were posed Borzowá-Molnárová, Halčinová and Hutník in [The smallest semicopula-based universal integrals I: properties and characterizations, Fuzzy Sets and Systems (2014), http://dx
Introduction
Let (X, A) be a measurable space, where A is a σ-algebra of subsets of a non-empty set X, and let S be the family of all measurable spaces. The class of all A-measurable functions [7] . Hereafter,
A generalized Sugeno integral is defined by
where {f t} = {x ∈ X : f (x) t}, (X, A) ∈ S and (µ, f ) ∈ M (X,A) × F (X,A) . In the literature the functional I S is also called seminormed fuzzy integral [3, 6, 9] . Replacing semicopula S with M, we get the Sugeno integral [11] . Moreover, if S = Π, then I Π is called the Shilkret integral [10] .
In this section we present necessary and sufficient conditions for validity of the inequality
where f + a ∈ [0, 1]. Borzowá-Molnárová et al. [4] proposed a sufficient condition only, which turns out to be too restrictive.
Proof. We first prove that the inequality (1) holds true under the assumption (2). The inequality can be rewritten as follows
The inequality (3) is obvious for a ∈ {0, 1}, so we assume that a ∈ (0, 1). Observe that
Since S(a, 1) = a for all a, the left-hand side of (3) takes the form
From (3) and (4) we get
because {f t} = ∅ for t > a and S(b, 0) = 0 for all b. Let f (x) = cx, x ∈ [0, 1], and
Combining this with (5) we obtain
It is obvious that x ∨ y x ∨ z implies (y z) or (x y > z) for all x, y, z, so from (6) it follows that
Hence we get
for all a, b, c ∈ C, as the second sentence in (7) leads to a contradiction. Let us notice that S t + a, µ {f t} sup
The proof is complete.
Remark 2.1. From (2) it follows that S L (x, y) S(x, y) for all x, y ∈ [0, 1]; to see this put
We show that the sufficient condition guaranteeing validity of (1) (see the inequality (3) in Borzowá-Molnárová et al. [4] ) is also necessary but for a slightly different problem (see Corollary 2.1 (a) below).
Theorem 2.2. The inequality
holds for all a ∈ [0, 1], S i ∈ S, A ∈ A, and (µ, f ) ∈ M (X,A) × F (X,A) such that f + a ∈ [0, 1]
iff the inequality
is satisfied for all x, y, z ∈ [0, 1] such that x + y ∈ [0, 1].
Proof. We claim that (9) follows from (10). Indeed (9), we obtain (10), which completes the proof.
Applying Theorem 2.2 to S 1 = S 2 and S 3 = S, S 3 = ∧ or S 3 = Π we get Corollary 2.1. (a) S(x + y, z) S(x, z) + S(y, z) for all x, y, z iff for all a, f, A, µ
for all x, y, z iff for all a, f, A, µ
(c) S(x + y, z) S(x, z) + yz for all x, y, z iff for all a, f, A, µ
3 Some other properties of integral I S In this section, the solution to Problems 2.31 and 2.32 of Borzowá-Molnárová, Halčinová and Hutník [4] is provided. We say that f, g :
0 for all x, y ∈ A. Clearly, if f and g are comonotone on A, then for any real number t either {f t} ⊂ {g t} or {g t} ⊂ {f t}.
Problem 1 (Problem 2.31). Let µ ∈ M (X,A) and f, g ∈ F (X,A) be comonotone functions.
Characterize all the semicopulas S for which
Theorem 3.1. The equality (11) holds for any semicopula S ∈ S.
Proof. Since f, g are comonotone, {f t} ⊂ {g t} or {g t} ⊂ {f t} for all t. Hence µ {f ∨ g t} = µ {f t} ∨ µ {g t} and
Problem 2 (Problem 2.32). Let S ∈ S be fixed. To describe all the commuting binary operators with the integral I S (under the condition of comonotonicity of functions f, g), i.e., to find all operators
for all f, g : X → [0, 1] comonotone functions.
We give an answer to this problem for some class of operators •. 
